Abstract. Let MK(G,X) be a Shimura variety over C; let L be a Q-subgroup of G whose G((Q)-conjugacy class corresponds to a prescribed type of Hodge cycles. For every subvariety V of MK (G,X), denote by S(V,L) the subset of points of V whose Mumford-Tate group is contained in a (^((QJ-conjugate of L. We define an invariant c(G,X,L) depending only on the G(R)-conjugacy of L. The main result says that for every subvariety V of codimension at most c (G,X,L), the subset S(V, L) is dense in V in the metric topology. The value of c(G r ,X, L) is tabulated in many examples.
V corresponding to abelian varieties attached to a polarized K3 surface form a dense subset in V. The examples in §3 occupy more than half of this paper. The reader is advised to go over just one or two of them to see the results in action.
Although in most irreducible cases the invariant c(G, X, L)
is positive when L is reasonably large, it is not always so; we give two such examples. In one example G is of type EQ and L ad is of type D5. In another example G is of type £7, and L ad is of type DQ.
Formulation.
We shall follow Deligne's point of view on Shimura varieties and think of a Shimura variety MK{G,X) as a parameter space of Hodge structures whose Hodge group (or, special Mumford-Tate group) is contained in G; see [2, 3, 4] . The notation and convention in those papers will be generally followed. More specifically, let G be a connected reductive linear algebraic group over Q, let X be a G(E)-conjugacy class of M-homomorphisms from § = Res C / R G m to G such that the following conditions are satisfied:
1. For one (hence for every) h G X, under the adjoint representation Ado h of S on Q -Lie(G), g is a Hodge Q-structure of type C {(1, -1), (0, 0), (-1,1)}.
For one (hence for every) h G X, Ad o /I(A/^T) induces a Cartan involution
on G ad xspecq SpecR.
Every nontrivial simple Q-factor of G is non-compact. For every compact open subgroup K C G(Af) -Y['pG(Qp)i the complex analytic variety G(Q)\X x G(Af)/K has a canonical structure of a complex quasi-projective variety; we denote it by MK(G,X). When K is small enough (for instance if it is neat) MK(G,X) is smooth. Since the properties of MK(G,X)
we consider do not depend on the choice of K, we shall assume for simplicity that MK(G,X) is smooth. Because the argument we use is entirely differential geometric, the canonical model and other arithmetic structures of MK(G,X) will not be used in this paper.
To every finite dimensional Q-rational representation p : G -> GL(V P ) of G on a finite dimensional Q-vector space V p , there is a variation of Q-rational Hodge structure over X naturally attached to p; it descends to MK{G,X) if K is small enough. For G -GSp2g, X = M^ = the Siegel upper-and-lower half space of genus g, K C GSp2g{^) the principal congruence subgroup of level n and p the standard representation, we get the family of Hodge structures H^^C^Q) over Ag, n , where / : A -> Ag, n is the universal principally polarized abelian variety with level-nstructure over A g^n^ n > 3.
The following construction is used in [1, 5] . To every C-vector subspace W C Lie(A(C)) of dimension &, one associates to it its underlying E-vector space, thought of as an E-vector subspace of the E-vector space H^ (A(C), E). This gives a map from the complex Grassmannian of £;-dimensional subspaces of Lie(A(C)) to the real Grassmannian of 2/c-dimensional subspaces of H^^C), E). To adapt this construction to our setting, first observe that the only 2/c-dimensional E-subspaces of ^(^(C^E) which appears are those such that the restriction of the polarization form to them are non-degenerate. So we can replace the target real Grassmanian space by the quotient Sp2g(R)/Sp2k(^) x Sp2g-2k W-Notice that the source complex Grassmannian can be written as a quotient C/p(E)/[/ A; (E) x [/"^(M), and that E/jfc(R) x ^-^(E) is the intersection of Sp2g{^) ISp2kiM) with the maximal compact subgroup ^(E) of Sp2g (E). Hopefully the above discussion either motivates the definition and the construction below or illustrates them.
Let L be a (^-rational reductive subgroups of G such that there exists a homomorphism h : S -> G in X which factorizes through L.
S(V,L) denotes the subset of V consisting of all points x £ V of the form x -\{h,g)\ with h € X, g e G{Af) such that h factorizes through
(ii) The condition that h factorizes through Ad(j) • L means that the special Mumford-Tate group for h is contained in Ad^) ■ L. This justifies our assumption that L is reductive, since the special Mumford-Tate group for any Hodge structure is reductive.
(hi) In the case G -GSp2g, X = H^, and L the intersection of G with the product GSp2k
x GSp2g-2k diagonally embedded in GL2g, S(V,L) is equal to the subset Sk (V) of V defined in the introduction.
We denote by € the set of all E-rational subgroups L' of G conjugate to L under G(M); it has a natural structure as a real-analytic manifold. Let II denote the set consisting of all pairs (h,L') with h G X, L' 6 £ such that h factorizes through L'. Again II is a real-analytic manifold. The two natural projections pri : II -> X and pr2 : II -» £ are both real-analytic maps. The group G(M) operates on the left of II, X and £, and the two projections are both equivariant with respect to G(M). For the given subvariety V C MK{G,X), let V be the inverse image of V in II, and let 
REMARK, (i) We shall see that when the codimension of V in MK(G,X) is smaller than or equal to a constant c(G,X, L), then for every smooth point [(ft,g)] of V with ft 6 X, g 6 G(Af), there exists an Li E € satisfying the condition in the corollary.
(ii) Suppose that the condition of the corollary is not satisfied by any point [(ft, g)] in V. This gives us a system of equations satisfied by all points of V. We can differentiate these equations to get linearized equations. In this paper we shall only use the vertical directions, although it is conceivable that differentiation in the horizontal directions may produce further information. (ii) Clearly c(G, ft, Z) can be computed after base change to E, i.e. it is insensitive to the Q-structure. It is also clear that the invariant c(G, ft, Za) can be computed from the ^-representation g -1,1 and the C-vector subspace iV^li) -1,1 in g -1,1 . This prompts us to make the following definition.
DEFINITION 2.2. Let p be a real-analytic linear representation of a real-analytic Lie group K on a finite dimensional C-vector space Vp. Let N be a C-vector subspace ofVp-When N ^ Vp, define d(K,p,N) to be the largest non-negative integer such that for every C-vector subspace W of Vp of codimension at most d(Kjp,N)j there exists an element k E K with Vp
) in the context of the two definitions above. Hence the results we have proved so far shows that the subset S(V, L) of V is dense in V for every analytic subvariety V C MK(G, X) of codimension atmostd(ii: A ,fl" M ,iV 0 (O" u ). We list some trivial properties of the invariant d(K, p, N) in the following lemma. The proofs are omitted.
LEMMA 2.1. 
Each Ui is the complement of a closed real-analytic subset of K. So Ui fl U 2 y^ 0 when K a connect real analytic group. When K is the real points of a connected real linear algebraic group K and pi, p 2 are algebraic, each Ui is the set of real points of a non-empty Zariski open subset Ui of K. So J7! n f/2 7^ 0, so C/i H C/2 = (^i n E/2) W 7^ 0 since Ui fl C/2 is unirational over M. Clearly W + (/Oi 0 p2)(k) • (iVi 0 ^2) = V Pl 0 yp 2 for any keUiH U 2 and the lemma is proved. □ REMARK. In the situation we are interested in, K is the centralizer of an element heX, therefore K is a connected real linear algebraic group and Lemma 2.2 applies. This often reduces the computation of the invariant c(G, X, <£) to the cases when X is irreducible. Then Lemma 2.1 allows one to reduce further to the case when G is simple over M. PROPOSITION 
Let p be a finite dimension complex linear representation of a real Lie group K. Assume either that K is a connected real-analytic group, or that K is the group of real points of a connected real algebraic group K and p is an algebraic representation of K. Let t = Lie{K). Let N, W be C-vector subspaces ofV p . Then &im{W + N) > &im(W+p(k)-N) for alike K if and only if p{t) ■ (N'DW) C W + N.
Proof The proof is an exercise, but we give it here since it does not seem to be well-known. We first choose a basis vi,... ,v a of W fl N. Then extend it on the one hand to a basis ui,.. . ,v a ,wi,. .. ,Wb of W, and on the other hand to a basis vi,. .. iV a ,v a +i,. .. ,i>a-fc of -N-For 1 < i < a, consider the function fi :
Clearly each fi is a real-analytic function on K, and it is a regular rational function on K in the algebraic case. First suppose that dim (ii) Although it is not feasible to give the value of d(K, p, N) in every case of interest, we will give many examples to illustrate our result. The irreducible representations of interest to us include the second symmetric product of the standard representation for A n , the second exterior product of the standard representation of A n , the tensor product of the two standard representations for A m x A n , the standard representation of J9 n , the standard representation of D n , (one of the two of) the half-spin representation of D*, and (one of the two of) the miniscule representation of EQ.
Examples. We asserted that the invariant
is easy to compute in any given situation. In this section we illustrate this point in many examples. As we remarked before, this invariant depends only on the real groups underlying G, the G(E)-conjugacy class of the real group underlying L, and of course the space X. So from now on we assume that G is a connected reductive linear algebraic group over E, and that L is a reductive subgroup of G over E. In all the examples below the connected components of X are irreducible hermitian symmetric spaces, so G is simple modulo center. Because of Lemma 2.1 (5), the value of c does not change if we replace G by G ad , so we may freely change G to G' with G ad = G /a . It is well-known that G is the inner twist by Ad(h(\/^1)) of its compact form, and jih = h o p, is the fundamental coweight corresponding to a special vertex of the Dynkin diagram of the compact form of G, cf. [3] §1. In describing our examples, we shall give just a representative G among those with the same derived group, indicate the conjugacy class of /x^, and give a description of (a representative of)L. We also give the Dynkin diagram for (G,X); the vertex labeled with /x is the special vertex corresponding to the fundamental coweight /i^. • The group Kh is centrally isogenous to the unitary group U{n).
• The Dynkin diagram is:
• The roots of G are ±Xi ± Xj, 1 < i < j < n. The simple roots are • The Lie algebra of the normalizer of L in G is equal to I itself.
• After replacing Kh by {/(n), the representation g -1,1 becomes the second symmetric product of the standard representation of f/(n); the subspace TV C 5"" 1,1 is identified with
• The value of the invariant c in this case is c = min {rii + n^l < i < j < r} .
Our result says that for every analytic subvariety V C A n of codimension at most this value of c, the set of all points in V such that the corresponding principally polarized abelian variety is isogenous to the product of r abelian varieties of dimension ni, • • • , n r is dense in V for the metric topology. Proof. We give a proof for the case r -2; the general case is similar. Moreover the same method applies to other examples, so we omit the proofs in most cases later. After complexifying the representation, we see that we are dealing with the second symmetric product of the standard representation GL{Vi © V2), with dim(Vi) = ni, dim(V^) = 712, n -ni + n2. The subspace iV is S 2 {Vi) © S 2^) . We choose a basis ei,... , e ni for Vi and a basis e ni +i,... , e ni + n2 for V2. This gives us a diagonal maximal torus in GL(Vi © V2). The representation space S 2 (Vi © V2) has weights a; a + xt, 1 < a < 6 < ni H-n2, each with multiplicity one. The subspace N is a direct sum of weight spaces, with weights Xa + £& with 1 < a < b < ni and x a + a;^ with ni + 1 < a < 0 < ni 4-712- {Sp2n^(p,q) ),P + q = n.
• In this example, the pair (G^X) is essentially the same as in Example 3.1 above, except that we take G to be GSp2n, rather than the adjoint group of it. So K is isogenous to U(n) x U(l).
• The group L is isogenous to U(p 1 q) x U(l) via a central isogeny, p+q = n. Its derived group L der has roots ±(x a -x^) with 1 < a < b < p and ±(x a -xp) with p+l<a<l3<p + q. We assume that p < q. The symplectic embedding L M-G arises in a PEL-type Shimura variety situation as follows. Start with an imaginary quadratic field K, a 2n-dimensional Q-vector space H with a K-action, a non-degenerate alternating pairing (,) on H, and a C-action on H ®Q R. Assume that the involution on End(H) defined by the alternating form (,) leaves the image of K and C stable, and induces the complex conjugation on them. Moreover, assume that the bilinear form
(vi,V2) H> (v ly -i -V2)
on H (g)Q E is symmetric and positive definite. The algebra K ®Q C = C x C operates on H 0Q E, and has E-dimension 2p, 2q when localized at the two maximal ideals of K <g>Q C = C x C. Such a PEL-data gives a simple algebra with involution (End/^il), *), which gives rise to the symplectic embedding L C G. With the C-action coming from the C x -action as in Example 3.1, we may assume that the K 0Q E = Caction on H ®Q E is such that a + by/^1 € C operates via the matrix
The roots of L are ±(x a -Xb) with 1 < a < b < p, ±(x a -xp) with p + 1 < a < [3 < p + q, and ±(x a + xp) with 1 < a < p and pH-1 < 0 < p + q. The Lie algebra of the normalizer of [ = Lie(L) is equal to i itself. The subspace N = l" 1, 1 has dimension pg, with roots (x a + xp) with 1 < a < p and p+l < (3 <p + q. c = p -min(p, n -p).
The direct sum of the weight spaces in TV with weights (x a + xp), where 2 < a < p and p+l<f3<p + q, is a subspace iVi of codimension p in JV. Moreover the weight space for 2xi is not contained in Ni + gl n • iVi. This shows that c < p. The other half of the proof is omitted.
3.3. (50(2,2n -1), 50(2,2m -1) x 50(2n -2m) ), m < n.
• In this example, G is equal to 50(2, 2n-1), and L is the standardly embedded 50(2,2m -1) x S0{2n -2m).
• The Dynkin diagram is ai a2
A* • The roots of G are ±Xi ± Xj with 1 < i < j < n, and Xi with 1 < i < n. The simple roots are
The coweight fih corresponds to the only special vertex ai.
• The maximal compact subgroup K is isomorphic to 50(2) x 50(2n -1).
The roots of K der are ±Xi ± Xj with 2 < i < j < n, and Xi with 2 < i < n. The representation g -1,1 of iv has weights xi and Xi ± x a with 2 < a < n. As a representation of K deT = S0(2n -1) it is isomorphic to the standard representation.
• The roots of L are ±Xi ± Xj with 1 < i < j < m, ±Xi ± Xj with m + 1 < i < j < n, Xi with 1 < i < m. The normalizer of I in £ is equal to L • The subspace I -1,1 of g -1,1 has weights xi and xi ± a; a with 2 < a < m.
• The invariant c = 2m -2. 50(2,2n -1) ). The roots and Dynkin diagram for B n are already recalled in Example 3.3 above. Here we start with a group L of type B n and embed it in a symplectic group. An instance of this embedding is the Kuga-Satake construction of abelian varieties associated to a polarized K3 surface using the Clifford algebra.
(5p2",
• The group L is the Spin double cover of 50(2,2n-1). The spin representation is the fundamental representation of L with highest weight §(#1 H h x n ). It has dimension 2 n . Its weights are
&«/ = 9 ]L €^Xi '
Xv 9 l<e<n where e = (e(l),... , e(n)), with each e(i) = ±1. Let A be the abelian group defined by 2 n generators A e , where the e's are as above, and 2 n_1 relations A e + A_ e = 0. Clearly A is a free abelian group of rank 2 n~1 . This spin representation gives an embedding of L into 5p2™ • Let the weights of the standard representation of Sp2^ be the 2 n generators A e , and the spin representation is such that the weight A e of G goes to the weight x\ of L. The roots of G are of course the A ei -A e2 's. The coweight /Jh of L corresponds to the homomorphism which sends x e to |e(l), hence also the the homomorphism which sends A e to |e(l). From this one see that 5~1' 1 has weights A ei -X €2 with ei(l) = 1 and 62(1) = -1. We have Lie(NG{L)) = Lie(L) since the spin representation is irreducible. The embedding N = I -1,1 M-g -1,1 is determined from the map between the weights by duality.
• We have c = n in the present situation.
Let Ni C N be the sum of weight spaces with weights xi
Then iVi has codimension n in iV, and one checks that N + t -Ni ^ g -1,1 . Hence c < n. The other part of the proof is omitted. 
■ ai
0:2 as a n _3Q; n _5\^ a n
• The real group G is equal to 50(2,2n -2), defined by the diagonal quadratic form with signature (2,2n -2). The reductive subgroup L is equal to 50(2, 2m -2) x 50(2n -2m), m < n, diagonally embedded in G.
• The roots of G are isci ± x^, 1 < z < j < n. The simple roots are ai = X\ X2 5 • • • 5 a n _i ::= X n -\ X n , Qf n ::= X n -i -+-X n .
• The maximal compact subgroup iiT of G is 50 (2) • This hermitian symmetric space is denoted D 1^ in [3] . It occurs for PEL-type-D Shimura varieties. The subgroup L considered here is a diagonally embedded reductive subgroup, which is a product of groups of type D^,... D^, where r > 2 and each rii > 1.
• The roots and simple roots of G are the same as in Example 3.6 above.
The maximal compact subgroup K of G is isogenous to U(n) via a central isogeny. The compact roots are ±(xi -Xj), 1 < i < j < n. The roots of L consists of those ±Xa ± #6 such that there exists an z, 1 < i < r, with . ni + • • • + n^-i + 1 < a < b < ni + • • • + r^.
• The weights for g~1 ,1 are Xi + Xj, 1 < i < j < n. Each weight space has dimension one. As a {-representation it is isomorphic to the second exterior product of the standard representation of u(n). ® The normalizer of I in g is equal to 1. The subspace I -1,1 has weights x a +£&, where there exists an i, 1 < i < r, with ni 4-
The invariant c = min{ni + n^ -2|i 7^ j}.
(EG,Df
). Something will be glaringly missing if we do not include exceptional groups in our examples. For hermitian symmetric domains, the only exceptional groups that appears are EQ and E7. We first discuss the EQ case.
© The Dynkin diagram is
• G is adjoint of type EQ. The root space is There are two special vertices, ai and ae, exchanged under an outer automorphism. Here the coweight fih corresponds to the special vertex ai. The maximal compact subgroup K is isogenous to 50(10) x 50(2) via a central isogeny. The compact roots are ±Xi ± Xj with 1 < i < j < 5.
• g -1,1 has weights 
(EQIAS).
In this example, the pair (G,X) is the same as in example 3.8 above; the subgroup L is different.
• The subgroup L C G is isogenous to U(l, 5), so L ad is of type A5. The simple roots of L are ai, as, 0:4, as, ae-There are 20 compact roots among them; they are ±(xi -Xj) with 1 < i < j < 5. The normalizer of I in g is equal to [ itself.
• The subspace N -iVg^) 
(EjjDf).
The other exceptional group to deal with is E 7 .
• The highest root is a = xg -£7 = 2ai 4-2Q;2 + 3^3 + 4a4 + 3Qf5 + 2^6 + a 7 .
• The coweight fih corresponds to the only special vertex ar. with YIKKS "(i) -1 ( mo d 2); each weight space dimension one. As a representation of the Lie algebra of the derived group of K, it is the fundamental representation of Lie(K deT ) corresponding to the vertex ai, a miniscule representation for EQ .
• The subspace N = iVg^) -1,1 of g -1,1 has dimension 10. Its weights are
